Introduction
Consider a set of objects of interest (or alternatives) X ⊆ X 1 × . . . × X m evaluated according to a set C of m criteria. Let us assume that the evaluation of an alternative x ∈ X with respect to the criterion i is given by the value function u i (x i ), x i ∈ X i . Moreover, consider that the global evaluation of x is given by the overall value function
where u(x) = (u 1 (x 1 ), . . . , u m (x m )) and F (·) is an aggregation function, which is nondecreasing in its arguments. This model, called decomposable or separable (see (Blackorby et al., 1978) ), has been widely studied in the literature (see, e.g., the works of Greco et al. (2004) and Bouyssou and Pirlot (2004) ). For simplicity of notation, let us refer to u i (x i ) as u i .
In multi-attribute utility theory (MAUT) (Keeney and Raiffa, 1976) , the decision maker is generally concerned in how to model preference relations among the set of alternatives, represented by
where indicates that x is at least as good as x . Therefore, the preference relations (2) depend on the form of the aggregation function F (·), which is based on the hypotheses about the addressed multicriteria decision making (MCDM) problem (Figueira et al., 2016) .
A well-known aggregation function is the Weighted Arithmetic Mean (WAM), expressed by
where w i (w i ≥ 0, m i=1 w i = 1) represents the weight factor associated with criterion i. In order to apply the WAM, one assumes that the decision criteria are mutually preferentially independent (Keeney and Raiffa, 1976) . However, since this assumption does not hold in several practical situations, there are some limitations by using the WAM to model preference relations (Grabisch and Labreuche, 2016) . In this context, one may use an aggregation function that takes into account the interaction among criteria, such as the Choquet integral (Choquet, 1954) or the multilinear model (Owen, 1972) . For instance, Choquet integral has been applied in several areas, such as in ergonomics (Raufaste et al., 2001; Grabisch et al., 2006) , supply chain management (Feyzioglu and Büyüközkan, 2010) , tourism (Li et al., 2013) and project evaluations (Bottero et al., 2018) .
Both the Choquet integral and the multilinear model represent the interaction among criteria through a capacity (Choquet, 1954) , which is a set function µ : 2 C → satisfying the following axioms:
• µ(∅) = 0 and µ(C) = 1 (boundedness),
• if A ⊆ B ⊆ C, µ(A) ≤ µ(B) ≤ µ(C) (monotonicity).
The (discrete) Choquet integral (Choquet, 1954) takes into account the interaction among criteria through a piecewise linear procedure. It is defined as follows:
where u (i) indicates a permutation of the indices i so that 0 ≤ u (1) ≤ . . . ≤ u (m) ≤ 1 (with u (0) = 0). An interesting remark is that, assuming that all the value functions u i (·), i = 1, . . . , m, are commensurate, the Choquet integral is obtained as the parsimonious linear interpolation of F (·) over the vertices of the hypercube [0, 1] m (Grabisch, 2016) . Therefore, the capacity coefficients µ(A)
that are used in (4) depend on the order that we have in the set of evaluations (u 1 , . . . , u m ).
A second popular nonlinear aggregation function is the multilinear model (Owen, 1972; Keeney and Raiffa, 1976) , which is defined as follows:
where u i ∈ [0, 1] and A is the complement set of A. It is an approach that comprises a polynomial aggregation of the criteria evaluations. Moreover, differently from the Choquet integral, (5) does not need the commensurability assumption and is obtained as the linear interpolation using all vertices of the hypercube [0, 1] m (Grabisch, 2016) . Therefore, in the multilinear model, all the capacity coefficients are used to aggregate the criteria evaluations.
One may note that, in both cases, other than the parameters associated with each individual criterion, one also considers the ones that are associated with coalitions of two or more criteria.
In this case, the number of parameters to be determined, given by 2 m − 2, increases exponentially with the number of criteria, which may bring a difficulty for the decision maker to perform capacity identification. Therefore, in order to deal with this issue, one may use techniques based on learning through data (the focus of this paper), semantics or a combination of both (Grabisch, 1996) .
Moreover, one may also consider a 2-additive capacity (Grabisch, 1997) , which simplifies the model by taking into account only interactions among pairs of criteria and the parameters associated with singletons. In this case, one reduces the number of parameters to be identified to m(m + 1)/2 − 1.
For further discussions about 2-additive aggregation functions see Kolesárová et al. (2018) .
Several works in the literature address the capacity identification problem in the context of Cho-3 quet integral (Grabisch et al., 2008) . For instance, one may find supervised approaches (Grabisch, 1995; Marichal and Roubens, 2000; Miranda et al., 2003; Combarro and Miranda, 2006; Angilella et al., 2010 Angilella et al., , 2015 , supervised approaches with regularization (Anderson et al., 2014; Adeyeba et al., 2015; Oliveira et al., 2017) and non-supervised approaches (Kojadinovic, 2004 (Kojadinovic, , 2008 Rowley et al., 2015; Duarte, 2018) . However, one does not find the same references with respect to the multilinear model. In view of this lack of literature, the contribution of this paper is twofold 1 . The first one is to exploit the concept of 2-additive capacity in the context of the multilinear model. The obtained expression, which is, as far as we know, unknown in the literature, has some similarities with respect to the one in the context of Choquet integral. Therefore, we also provide a parallel between these two expressions. As a second contribution, we address the problem of capacity identification by means of a supervised approach. For instance, based on learning data consisting of a set of evaluations with respect to a set of alternatives and their associated overall values, our aim here is to find the multilinear model parameters that can restore as well as possible the given overall values.
Moreover, we also exploit the application of a regularization term in the optimization model, which may contribute to find a capacity that can better deal with new data other than the one used in the learning algorithm.
The rest of this paper is organized as follows. Section 2 presents the concept of interaction among criteria. In Section 3, we formalize the multilinear model expression by using a 2-additive capacity and provide a comparison with the Choquet integral. Section 4 addresses the problem of capacity identification. In Section 5, we conduct numerical experiments in both synthetic and real data. Finally, our conclusions and future perspectives are described in Section 6.
The notion of interaction among criteria
A desired feature in MCDM methods is how to interpret the parameters of the considered aggregation function. In the context of the multilinear model, it has been shown that (see Grabisch et al. (2000) and Grabisch (2016) , Ch. 6) this can be achieved by using the Banzhaf interaction index proposed by Roubens (1996) , which is defined by
where |C| and |A| represent the cardinalities of the set C and subset A, respectively. It is worth mentioning that this concept is based on the work developed by Banzhaf in game theory (Banzhaf, 1965 ). Moreover, one may note that, given I B (A), ∀A ⊆ C, the capacity can be retrieved through the equation
For coalitions of two or more criteria, I B (A) is difficult to interpret. However, if |A| ≤ 2, the obtained values have a clear meaning. For instance, if one takes into account a singleton i, (6) leads to the Banzhaf power index φ B ({i}), expressed by
This index, which lies in the range [0, 1], can be interpreted as the marginal contribution of criterion i alone in all coalitions. Now, if one considers a pair of criteria i, i , (6) leads to indicates no interaction and the criteria i, i act independently (Grabisch, 2000) . From now on, in order to avoid a heavy notation, we refer to φ B ({i}) and I B ({i, i }) as φ B i and I B i,i , respectively.
The 2-additive multilinear model
In this section, we derive the expression of the multilinear model when the underlying capacity is 2-additive. For instance, consider the object of interest x ∈ X and its evaluations u(x) = (u 1 , u 2 , . . . , u m ). An alternative representation of the multilinear model is given by
where a(A) is the Möbius transform of µ (Rota, 1964) , given by
One may also express the Möbius transform in terms of I B (B), i.e.,
Moreover, given the Möbius transform, the capacity can be retrieved as follows:
A 2-additive capacity is such that a(A) = 0 for any A ⊆ C, |A| > 2 and I B (B) = 0 for any B ⊆ C, |B| > 2 (Grabisch, 1997) . Therefore,
If we express the axioms of a capacity in a 2-additive model and in terms of the Banzhaf interaction index, one achieves the following (see Appendix A for further details):
6 Moreover, since I B i,i may be positive or negative, we can write for every i ∈ C
Therefore, based on the aforementioned results, one obtains
Finally, we observe that the above expression comprises an additive term, a disjunctive term
which turns out to be the t-conorm usually called probabilistic sum of (u i , u i ), and a conjunctive term T p (u i , u i ) = u i u i , which is the product t-norm of (u i , u i ) (Klement et al., 2000; Beliakov et al., 2007) . Therefore, the 2-additive multilinear model may be written as
We may remark that (14) is similar to the 2-additive expression of the Choquet integral (Grabisch, 2000), which is given by
where φ S i and I S i,i are the power and the interaction indices corresponding to the Shapley value (Shapley, 1953; Grabisch, 1997) , ∨ represents the maximum operator (also a t-conorm) and ∧ represents the minimum operator (also a t-norm). In that respect, since for a 2-additive capacity , one may generalize both aggregation functions 7 by the following:
where N is a t-conorm and T is a t-norm 2 .
A graphical interpretation when m = 2
We here provide a graphical interpretation of the aggregation of the 2-additive multilinear model.
We consider the same approach discussed in (Grabisch, 2000) and we restrict our analysis to the case of m = 2. In this case, one may represent the multilinear model by
Moreover, by exploiting the axioms of a capacity, it is possible to obtain the following:
Based on the first two results, one concludes that φ B 1 + φ B 2 = 1. Therefore, one may represent this scenario in the φ B 1 , I B 1,2 coordinates, which is illustrated in Figure 1 . If we consider the horizontal axis, in which I B 1,2 = 0, Equation (17) becomes
i.e. a weighted mean. One may remark that, for the extreme cases of φ B
On the other hand, if we consider the vertical axis, in which
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The problem of capacity identification
An important task in MAUT is how to define the parameters of the aggregation function. In this section, we address the problem of capacity identification in the context of the multilinear model by means of a supervised approach, i.e., based on learning data. For instance, we consider as learning data the evaluations u i,j of a set of n alternatives x j ∈ X, j = 1, . . . , n, and their associated overall values y(u(x j )). These data will be used to retrieve a capacity µ that leads to overall evaluations F M L (u(x j )) as close as possible to y(u(x j )), for all j = 1, . . . , n. As will be discussed in the sequel, one exploits identification methods with and without the application of regularization terms.
Supervised approach
Consider a supervised approach whose aim is to minimize the mean squared error between the obtained evaluations F M L (u(x j )) and the desired ones y(u(x j )) (collected from learning data).
Mathematically, this cost function (or representation error) is given by
Since the aggregation in multilinear model is linear with respect to the capacity coefficients, one can also represent (20) in terms of vectors and matrices. In this case, consider the set of capacity
. . , y(u(x n ))] T and the following matrix:
where Q = 2PP T , v = −2Py and the matrices L and M guarantee that the axioms of a capacity (boundedness and monotonicity, respectively) are satisfied. For instance, in a scenario with m = 2 criteria, we have
Example
In this section, we provide an illustrative example in order to verify the performance of the quadratic model (21) in several synthetic decision problems. Other than the multilinear model, we also considered the identification problem with respect to the Choquet integral 4 . For instance, we consider decision problems with m = 3, m = 4 and m = 5 criteria and with a number of alternatives varying from 1 to 50. With respect to the performance index, we calculate the squared error
where µ is the capacity used to obtain the global evaluations y(u(x j )) andμ is the retrieved one. Figure 2 presents the obtained results (averaged over 1000 simulations). It is worth mentioning that we randomly generated the capacity µ according to the Random-Node Generator 5 proposed by Havens and Pinar (2017) . With respect to u(x j ), we considered a uniform distribution in the range [0, 1]. By taking the multilinear model, one may note that, for 3, 4 and 5 criteria, e µ ≈ 0 when we have at least (2 3 ), (2 4 ) and (2 5 ) learning data, respectively. However, one needs more samples in order to achieve the same performance by considering the Choquet integral. This can be explained by the fact that, as mentioned in Section 1, only a subset of the capacity coefficients are used when applying the Choquet integral, which depends on the order of the set of evaluations. Therefore, the matrix P applied in the optimization model may have zero columns, which will not lead to the identification of the associated parameters. In that respect, in order to achieve a similar performance with respect to the multilinear model, one must guarantee that the considered learning data "activates" all the parameters that should be retrieved.
For both aggregation functions, if one does not have enough learning data, the problem is illposed, and the retrieved capacity is not necessarily the desired one. In this case, one may consider more information in the optimization model in order to retrieve the correct capacity or, at least, to obtain a set of parameters with a high level of generalization. We address this issue in the next section.
A supervised approach with regularization
The quadratic problem (21) may be ill-posed, which brings a difficulty in identifying the capacity.
In that respect one may use a regularization term in order to deal with this ill-posed optimization problem. For instance, as discussed in the context of Choquet integral (Adeyeba et al., 2015) , one may apply the 1 -norm of µ, expressed by 6
By using this regularization term in our problem, one achieves the following optimization model:
where λ is a constant. Therefore, the solution of (24) provides a vector µ whose most part of the elements are close to zero. However, as pointed out in (Oliveira et al., 2017) , the 1 -norm regularization is more meaningful when applied to the interaction index I S (A).
In the context of the multilinear model, in order to adjust the aforementioned optimization model T as variables, one replaces the capacity by using (6). Therefore, one obtains the following optimization problem 7 :
where Q = S T QS, v = S T v, L = LS, M = MS and S is the transformation matrix from I B to µ (i.e. µ = SI B ), given by
One may note that (25) is not quadratic anymore. However, by considering a set of auxiliary variables (Vanderbei, 2014) , it is possible to turn (25) 
The optimization problem described in (25) may be expressed, in a quadratic fashion, as follows:
The rationality behind the use the 1 -norm regularization in the interaction index I B (A) relies on the search for a simpler model, in which a considerable number of parameters tends to be equal to zero. Therefore, one achieves a sparse solution for I B , whose sparsity level depends on the λ value.
For example, if we consider γ = 1, the solution of (26) promotes a set of interaction indices in which I B (A), |A| ≥ 2, is close to zero. Conversely, if we consider γ = 2, the solution of (26) promotes a set of interaction indices in which I B (A), |A| ≥ 3, is close to zero. Therefore, one reduces the flexibility of the model to arbitrarily adjust the set of parameters in the identification problem. The price to be paid is that, by decreasing the level of flexibility, one may increase the representation error E between the obtained evaluations and the desired ones (expressed in Equation (20)). We provide a further discussion on this topic in the experiment on real data. Although a simpler model may achieve a larger value of E in the training step, depending on the addressed MCDM problem, the retrieved capacity may be close to the correct one. Moreover, one may also find parameters that lead to a better generalization by applying the retrieved capacity in a dataset other than the one used in the training step. These insights are further discussed in the next section.
Numerical experiments

Experiments with synthetic data
The first experiment comprises the application of the considered methods with a set of synthetic data. For instance, consider the following notation:
• WRE: Supervised approach without regularization, expressed in Equation (21);
• RE2: Supervised approach with regularization, expressed in Equation (26), with γ = 2;
• 2AD: Supervised approach by means of a 2-additive capacity, expressed in Equation (25), with λ = 0 and I B (A) = 0 for all A such that |A| ≥ 3;
• RE1: Supervised approach with regularization, expressed in Equation (26), with γ = 1;
• WAM: Weighted arithmetic mean (additive function).
The data were generated according to the procedure described in (Grabisch, 1995) . We considered n = 81 learning data, with m = 4 criteria. For each evaluation u i,j , we randomly selected a value belonging to the set {0, 0.5, 1}. Therefore, the global evaluation of alternative x j was obtained by the following expression:
where g represents an additive Gaussian noise with variance σ 2 = 0.0125.
Let us consider the weights λ RE1 = 1 and λ RE2 = 0.015 for RE1 and RE2 methods, respectively.
It is worth mentioning that, in all analysis conducted in this paper, the adopted λ RE1 and λ RE2
were experimentally defined. The application of WRE, RE2, 2AD, RE1 and WAM methods in the capacity identification problem leads to the representation errors E W RE = 0.0112, E RE2 = 0.0116, E 2AD = 0.0118, E RE1 = 0.0616 and E W AM = 0.2254, respectively. The retrieved capacities and interaction indices are described in Table 1 , which also presents the mean squared error between the correct capacity and the retrieved ones, given by
and the mean squared error between the correct interaction indices and the retrieved ones, given by
With respect to the WAM method, one obtains the set of weights w = [0.0825, 0.1850, 0.1581, 0.5744].
As expected, the WRE method achieved the lower representation error E. However, if we compare the considered approaches under the light of the retrieved capacity, both RE2 and 2AD methods provided the better results (lower values of both µ and I B ).
In order to further exploit this analysis, let us verify the generalization ability of the considered approaches. For instance, we divided the samples in two sets. The first set is used in the training step, which leads to the parameters identification, and the second one is used in the test, which validates the retrieved capacity. Assume that one has 12 samples for training (a subset of all samples less than 2 m − 2 criteria) and that the other 69 samples will be used for test. Moreover, results. In this case, the method that achieved the higher levels of generalization were the RE2 and the 2AD.
In Table 2, 
Experiments with real data
An important issue in ergonomics is the mental workload (Young et al., 2015) , which can be measured by using the well-known NASA Task Load Index (NASA-TLX) (Hart and Staveland, 1988) . In the application of this procedure, after performing a task, the user provides subjective evaluations (in the range [0, 100]) based on six sources: mental demand, physical demand, temporal demand, performance, effort and frustration. Then, the user also provides 15 pairwise comparisons among the six sources, which indicate that a specific source contributes to the workload more than another one. Finally, based on these pairwise comparisons, one determines the "importance" of each source in the mental workload (the weight associated with the source) and obtains the global evaluation by means of a weighted arithmetic mean.
In view of the limitations of the WAM, some works investigated the application of a capacity (Raufaste et al., 2001; Grabisch et al., 2006) to provide the global mental workload evaluation.
For instance, other than the six subjective evaluations, the set of users also provide a subjective global evaluation of the task (also in the range [0, 100]), which is used as a learning data to perform capacity identification. Therefore, a comparison between the WAM and the Choquet integral can be exploited in order to verify which aggregation function can better represent the information provided by the users.
In this paper, we used the dataset described in (Raufaste et al., 2001) , which comprises the Similarly to the experiments with synthetic data, we firstly apply the considered approaches by taking into account all the 143 samples as the learning data. Before setting the regularization weights used in RE1 and RE2 methods, let us investigate the performance of the considered approaches for different values of λ. Figure 4 illustrates the obtained representation errors. Clearly, in the case of WRE, 2AD and WAM, E is not affected by λ. However, as highlighted in Section 4.2, there is a trade-off between regularization and representation error when RE1 and RE2 methods are applied. In both cases, if one sets λ close to zero, which practically eliminates the regularization term, the methods achieve the same performance as the WRE. However, if one adopts a large value of λ, which means that one considers that the minimization of the 1 -norm is very important in the optimization model, the parameters associated with this regularization term will be approximately 9 Originally, there were 188 samples, however, one eliminates 45 due to inconsistencies.
zero. Therefore, RE1 and RE2 will converge to the WAM and 2AD methods, respectively. Assume λ RE1 = 1 and λ RE2 = 0.1 for RE1 and RE2 methods, respectively. The application of WRE, RE2, 2AD, RE1 and WAM methods in the capacity identification problem leads to the representation errors E W RE = 0.9966, E RE2 = 1.0519, E 2AD = 1.0901, E RE1 = 1.2116 and E W AM = 1.4290, respectively. Therefore, one may note that the methods that take into account interactions among criteria achieved values of representation error E that are considerably lower compared to the application of the WAM. This means that the aggregation conducted by WAM may not be sufficient to satisfy the information provided by the users.
The retrieved capacities and interaction indices are described in obtained higher generalization levels with the application of RE2 and 2AD methods.
In 
Conclusions
Aggregation functions that take into account interaction among criteria, such as the Choquet As a first analysis, we exploited the concept of a 2-additive capacity in the multilinear model and provide an analytical expression. Moreover, it was possible to remark some similarities between the 2-additive Choquet integral and the 2-additive multilinear model. In both functionals, one applies an additive, a disjunctive and a conjunctive term to aggregate the set of evaluations. Therefore, we could generalize them into a single expression.
We also addressed the problem of capacity identification in a supervised fashion. As a first remark, we noted that, in order that the Choquet integral achieves the same performance of the multilinear model, one needs to ensure that the considered learning data will lead to the identification of all coefficients of the capacity. Otherwise, some parameters may not be retrieved by the optimization model. Moreover, in the absence of enough data, the problem is ill-posed, and one should consider more information to perform capacity identification. In that respect, we exploited a supervised approach with regularization, which can lead to a simpler model compared to the one obtained without the use of this additional term. In this case, there is a loss of performance with respect to the representation error in the optimization model but one can retrieve a capacity close to the correct one or, at least, with a higher level of generalization when applied in a new dataset.
As mentioned in Section 5.1, we experimentally defined the values of regularization weights. Therefore, as a future work, one aims at investigating an automatic procedure to set these parameters. A remark on this issue is that, since the cost function comprises one part related to the global evaluations and another one associated to the interaction indices, one needs to take into account this difference in terms of the nature of each part. Another future perspective lies on the development of a non-supervised approach, whose goal is to perform the capacity identification based only on the set of criteria evaluations and on an assumption/information about these data, without the use of the overall values in the learning procedure. For instance, as exploited by existing approaches (Duarte, 2018) , one may assume that the criteria are correlated and associate a similarity measure between criteria to the interaction indices.
